This paper investigates an m-product inventory system (m 2: 3) with a capacity constraint where products can have individual order intervals and orders be phased to reduce the maximum stock level of all the products on hand. The objective is then to find the optimal order quantity of each product by considering staggering time and order interval which minimizes the system cost per unit time. The problem is described in a non-linear integer programming problem which shows a very complicated nature to derive the solution analytically. Therefore, a heuristic algorithm is proposed and tested for its efficiency with various numerical examples as being superior to either the Lagrangian multiplier method or the fixed cycle method.
Introduction
This paper considers a multi-product inventory ordering problem of minimizing the average inventory cost subject to a capacity constraint. The Lagrangian multiplier method [3, 7] and fixed cycle method [2, 6, 8, 10] have been llsed for solving such a problem. However, the Lagrangian multiplier method implicitly assumes that all products will be ordered simultaneously, or at least within an arbitrarily small time interval. Thus, the warehouse space utilization is about 50% and it usually results in higher average cost per unit time. Although the fixed cycle method allows the phasing of orders for the different products, it assumes that all products have the same order interval. In some cases, this restriction may lead to a higher average cost per unit time than that of the Lagrangian multiplier method. Hartley and Thomas [4, 9] and Chen et al. [1] propose an alternative approach in which different products may have different order intervals and these orders may be phased in certain cases to avoid having the maximum stock levels of different products on hand at the same time (see, for example, Figure 2 ). For the two -product problem we may assume without loss of generality that one of the staggering times is zero and the maximum stock level over time can be expressed explicitly as a function of the order intervals and the nonzero staggering time [4, 9] . Moreover, we can minimize the maximum ,.tock level with respect to the staggering time and express it as a function of the order intervals. The average cost per unit time can then be minimized by using such an expression.
However, for m-product problems, m :::: 3, it is difficult to derive a similar relationship among the maximum stock level, order intervals and staggering times. The problem rather reveals so complex nature that it is hard to solve. Therefore, this paper proposes a heuristic algorithm which is tested with various numerical examples for its superiority to the Lagrangian multiplier method and the fixed cycle method. It is shown that the proposed algorithm gives better solutions than the latter two methods.
Mathematical Formulation
Assumptions:
1. Demand can be approximated by a constant average demand over time. The total variable cost is the sum of order costs and holding costs. For given ci, Vi, di, hi, i = 1, ... ,rn, and M, we let Z be the total variable cost per unit time and Smax (t, s) be the maximum stock level. Then, the problem is mathematically stated as follows:
where t = (t1,···, t m ) and s = (SI,···, sm). The objective is to find (t, s) that minimizes Z and satisfies the constraint (2).
Staggering the Initial Orders
Let l xoJ denote the largest integer which is smaller than or equal to Xo. Then, given the order interval ti and the staggering times Si, 0 ::; Si < tj, i = 1,· .. ,rn, the stock volume of 
Hence, the proof is completed.
o By Theorem 1, we can also formulate the problem (1) - (2) as a mixed-integer programming problem as follows:
(5)
Although a branch and bound method [5] can be designed for solving (3) - (7), the complexity of constraints reveals that it may take a large amount of computational time to solve this problem even when m = 3, because for some problem instances a large number of Cki'S must be enumerated. Therefore, some approaches have been proposed for solutions in the subspaces of (4) - (7). For example, the Lagrangian multiplier method searches for the optimal solution in the subspace of (4) - (7) with SI = S2 = ... = Sm = ° and the fixed cycle method searches for the optimal solution in the subspace with tl = t2 = ... = t m . In this paper, however, we propose an algorithm which searches for a solution of (3) - (7) such that Si and ti, i = 1", . ,m satisfy some specific relationships. For m = 2, we may assume without loss or generality that SI = 0. By Theorem 1,
It has been shown [4] that for given tl and t2, the optimal solution of (8) satisfies the following condition (9) Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.
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and the maximum stock level is (l0)
In this case, the optimal solution of (1) - (2) can then be solved by using (9) -(10) [9] .
For rn 2: 3, it is difficult to derive a similar relationship among the optimal staggering times Si and the order intervals tj, i = 1,···, rn, as that in (9) . Therefore, we propose a heuristic approach for scheduling the initial orders We denote that we consider product i and 1'j proportion of product k as a two-product problem and let the staggering times be of the form as that in (9) . Therefore, if we let (ll ) and Sk = 0, then by (9) - (10) the maximum stock level is not greater than
When rn = 2, (L1) is reduced to (9) and (1:2) is reduced to (10) with k = 1, SI = 0,1'1 = 0, n12 = nl and n21 = n2. Moreover, in Figure 3 and Figure 4 , we consider a three-product problem. For fixed r, if we let the staggering times be
the stock volume of product 2 with 1'100% proportion of product 1 is not greater than and the stock volume of product 3 with (1 -1') 100% proportion of product 1 is not greater than 5 6 inventory in stock 
if,k
For each k, we will solve (13) -(16) for an approx;lmate solution of (1) - (2). We then select the best one of these m solutions. In the following sections, a procedure is proposed for solving (13) -(16).
A Heuristic Method
For given k, (13) -(16) can be formulated as follows:
. nki 
Otherwise, a solution is obtained by solving
We conclude that a solution (tn of (13) - (16) 0) is a convex program which can be solved by the Lagrangian multiplier method [3] . Assume that A* is an optimal multiplier of (26) 
An Upper Bound of nik
Let m C' m m p,(B) = min{L -.!. + 0.5 L hiditi I L Viditi S M + B, ti > 0, i = 1,,,, ,rn}. (26) i=l t, i=l i=l If B = 0, then p,(
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For given k, let
and V be the objective value associated with a feasible solution of (1) - (2) such that
Then an upper bound Uik of nik can be derived by the following inequality
Note that the total volume of product k can not be greater than M, i.e. tk ~ v~t. Therefore,
Algorithms and Computational Results
Based on the theoretical results presented in the previous sections, we now propose a heuristic algorithm for solving the problem (1) -(2).
Algorithm 1:
Step 1: Solve (1) without capacity constraint (2) a,nd obtain the Economic Order Quantity (EOQ) solution Si = 0, ti = J2ci/ hidi, i =: 1"" ,m. If the EOQ solution satisfies (2), then it is optimal and stop. Otherwise, go to Step 2.
Step 2: Solve (26) with B = 0 for the optimal Lagrangian multiplier >..* and let V = J.l(0).
Step 3: For k = 1,'" , m ,perform Step 4 to Step 9.
Step 4: If a feasible solution of (1) - (2) Step 5: For each (Ilik )i#, 1 ~ Ilik :s Uib i f-k, perform Step 6 to Step 8.
Step 6: Solve (a1')i# and (1'7);# such that <I> is minimized. If Otherwise, go to Step 7.
Step 7: Solve (an# and (1'n#, such that \lI is minimized and solve (25) for given (Ilik)i#'
Step 8: If a feasible solution of (1) - (2) with the objective value V', J.l(Bk) ~ V' < V, is obtained, then V is replaced by V' and Uikl if-k, are updated by using (27).
Algorithm 2:
Step 1: Give a positive constant Ii and positive integers ( and N. b / ( is the step size for the neighborhood search and N is the maximum number of iterations allowed in the algorithm. Set ti = tj, si = Si, i = 1"" ,m and 1=0 (I is a counter of the number of iterations.)
Step 2: Set I = I + Step 5: Output the solution (tn .and (si), i = 1" ", m.
In the following, we consider three-product problems with various warehouse capacities. These problems are solved by three different approaches and their computational results are shown in Table 3 . Table 1 . A three-product problem. In Table 2 and Table 3 , we note that if M ~ 17106, then the problem can be solved without capacity constraint. In this case, both the EOQ method and the Lagrangian multiplier method yield the optimal solution. It can be seen that as the restriction on the warehouse capacity gets tighter, the fixed cycle method is often better that the Lagrangian multiplier method. However, for some problem instances the fixed cycle method may never generate an optimal solution for any given M > o. In fact, these two methods do not solve the problem in an optimal way. Thus, when faced with the warehouse capacity restriction, it is essential to use the staggering policy and allow different products to have different order intervals. In Table 3 , we also note that the proposed algorithm is significantly better than the two methods mentioned above.
